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Abstract

 

Hydrodynamic simulations of a collapsing bubble show that pure D

 

2

 

 cannot exhibit picosec-

ond sonoluminescence, because of its large sound speed. The addition of D

 

2

 

O vapor lowers the

sound speed and produces calculated results consistent with experiments. A pressure spike added

to the periodic driving amplitude creates temperatures that may be sufficient to generate a very

small number of thermonuclear D-D fusion reactions in the bubble.
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Sonoluminescence involves the conversion of acoustical energy to optical energy. It arises

from the nucleation, growth, and collapse of gas-filled bubbles in a liquid. Recent experimental

advances by Gaitan

 

1,2

 

 produced stable synchronous sonoluminescence from a single acoustically

levitated air bubble, with unexpected spectral and temporal properties. Using Gaitan’s method,

Barber and Putterman

 

3

 

 reported emissions from a single pulsating bubble that were synchronous

with the periodic acoustic driving field, and had a measured pulse width 

 

≤ 

 

50

 

 

 

ps. The emission

spectra were consistent with a 

 

≥

 

 

 

2

 

 

 

eV black body radiator.

 

4

 

 Numerical hydrodynamic

simulations

 

5,6

 

 suggested that shock waves are generated during the collapse of the bubble and that

they are capable of producing the short measured pulse widths and the inferred high temperatures.

Moss et. al

 

 

 

6

 

 showed that (

 

i

 

) shock waves 

 

and

 

 a (realistic) stiff soft–sphere potential for the gas in

the bubble are required for the short pulse widths; and (

 

ii

 

) the increased specific heat, due to the

ionization of the gas in the bubble, mitigated the peak temperatures at the center of the bubble.

They predicted that temperatures approaching one kilovolt (10

 

7

 

 K) might be attained in the

absence of ionization. These high predicted temperatures in a minimally ionized gas lead natu-

rally to speculation about the possibility of obtaining micro-thermonuclear fusion in a bubble

filled with deuterium gas. In this Letter, we show that by adding a “spike” to the typical sinusoidal

driving pressure, a small but measurable number of thermonuclear neutrons may be generated by

a sonoluminescing deuterium bubble. 

We consider numerical simulations of the growth and collapse of a bubble containing: (a)

pure deuterium; (b) a mixture of deuterium and deuterated water vapor; and (c) the same mixture

as (b) plus a “spike” added to the sinusoidal drive. All other initial and boundary conditions are

identical. 

We assume spherical symmetry and consider the motion of a gas-filled bubble with initial
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radius 

 

R

 

o

 

 surrounded by a shell of deuterated water, whose outer radius is 

 

R

 

W

 

. The gas and water

are initially at atmospheric pressure, 

 

P

 

o

 

 = 1

 

 

 

bar, in thermal equilibrium, and at rest. The outer

radius of the water is driven by an oscillatory pressure 

 

P

 

o

 

 - P

 

a

 

. We calculate the bubble’s

response to only one cycle of the driving oscillatory pressure, that is, only one of the many growth

and collapse cycles that the bubble experiences. A complete simulation of steady state sonolumi-

nescence would require specifying many quantities, such as the flask dimensions and thickness,

transducer locations, the driving frequency and pressure, liquid and gas compositions, viscosities,

thermal conductivities, and surface tensions, etc., which is beyond the scope of this paper. Never-

theless, we assume the physics that governs the creation of any one of the steady state sonolumi-

nescent flashes can be approximated adequately using typical values for 

 

R

 

o

 

, 

 

R

 

W

 

, 

 

ω,

 

 and 

 

P

 

a

 

,

because the bubble collapse is primarily an inertial effect of the liquid compressing the gas. Any

set of parameters that produces a typical bubble radius, as a function of time, should be sufficient

to supply the necessary inertial forces that generate the flash. The parameters we have chosen are

typical, but not representative of any particular experiment. We used 

 

R

 

o

 

 = 10

 

 

 

µ

 

m, 

 

R

 

W

 

 = 3

 

 

 

cm, and

 

ω = 2π(

 

27.6

 

 

 

kHz).

 

7

 

 The pressure amplitude 

 

P

 

a

 

 = 0.4

 

 

 

bar was chosen to yield a maximum bubble

radius of 

 

≈

 

90 

 

µ

 

m, so the ratio R

 

max

 

/

 

R

 

o 

 

is consistent with experimental data.

 

8

 

In the absence of viscosity, surface tension, heat conduction, mass diffusion, and nonme-

chanical energy loss (radiation), the equations for the conservation of mass, momentum, and

energy for the system are

 

 

 

9,10

ωtsin
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(1)

where  are the density, velocity, artificial viscosity,

 

10

 

pressure, specific internal energy, and specific volume [

 

ρ

 

-1

 

], and . Artificial vis-

cosity is a standard computational method that gives shocks a finite thickness, so infinite gradients

do not develop. The deuterated water was described by a polynomial equation of state for water

 

11

 

whose reference density was scaled by 20/18 (the ratio of the molecular weights of D

 

2

 

O and

H

 

2

 

O). The deuterium gas was described by an analytic model

 

 

 

6

 

 that includes vibrational excita-

tion, dissociation, ionization, and repulsive and attractive intermolecular potentials. It was con-

structed from a combination of data and theory and is believed to be valid for the domains of

density and temperature in this calculation. The deuterium equation of state is 

(2a)

where

(2b)

and  is the gas constant for deuterium. The first term in the pressure equation

Dρ
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accounts for the increase in pressure due to the dissociation of molecular deuterium

12 and ionization of the deuterium atoms

 We have approximated the detailed density and temperature depen-

dence of these energies using the functional form for mk (k = D, I ) in Eq. (2b). We have chosen

n = 5, which provides an accurate representation of the deuterium 0 K isotherm to 200 Mbar.13

The density of solid deuterium at 0 K is 14 and we have set the binding energy

, to obtain a best fit. The first term in the energy equation includes vibra-

tional contributions (Θ = 4394 K)12 to the energy of a rigid diatomic molecule (γ = 7/5), where

for T >> Θ. We neglect the vibrational zero–point energy. The second term is the

energy to dissociate a molecule, weighted by the dissociation fraction. The third term is the trans-

lational energy of the atoms and electrons. The fourth term is the ionization energy. The remaining

terms are the potential energy. These terms are necessary for the gas equation of state to represent

accurately dissociation, ionization, and both the repulsive and the attractive intermolecular poten-

tials. Simpler models,5 such as a van der Waals equation of state with a constant specific heat, are

not valid at the densities and the temperatures that are reached during the final stages of the col-

lapse of the bubble. 

The equations of motion [Eq. (1)] and the equations-of-state [Eq. (2)], combined with the

boundary and initial conditions given above comprise a complete set of equations that can be

solved for the radial and temporal variation of all the field quantities. We solved numerically the

differential equations incrementally in time, using a finite difference method. The water and the

gas are divided into a mesh consisting of many concentric shells (zones) of fixed mass. The mass

0 mD 1≤ ≤   TD; 4.5 eV=( )

0 mI 1≤ ≤   TI; 13.6 eV=( ).

ρo 0.202 g/cc=

Ec 1.09
10×10 erg/g=

γ 9 7⁄( ) →
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may vary from one shell to another. There must be enough shells to ensure that the finite differ-

ence solution converges to the differential equation solution. The zoning was identical in the three

simulations: 600 equally sized gas zones (0.0167 µm/zone) and 960 water zones that increased

geometrically in size from 0.000193 µm/zone at Ro, to 20 µm/zone at R = 0.165 cm, followed by

1417 equally sized zones (20 µm/zone) to RW. 

Figure 1a shows the calculated time dependence of the temperature at the center of the bub-

ble, near the conclusion of the collapse of the pure deuterium bubble. The final 1.8 ns are shown,

beginning at 38.2956 µs. The peak temperature is ≈ 0.5 eV, and the pulse width is ≈ 1 ns. The min-

imum bubble radius (0.5 µm) occurs at the same time as the peak temperature. This coincidence

and the broad pulse suggest that either a shock has not formed, because the n = 5 potential in

Eq. (2) is too soft, or the shock has formed too late in the implosion to have a significant effect.

Figure 2 (solid line) shows the interface Mach number during the collapse, beginning at

R = 45 µm. We define the interface Mach number to be the speed of the interface divided by the

gas sound speed at the center of the bubble. The gas is compressing, its sound speed is increasing,

and its velocity is directed inward radially, during the collapse. The interface speed increases

monotonically during the collapse. Mach 1 is reached when the bubble radius is 1.7 µm. This

leaves little time and distance for the shock amplitude and velocity to increase significantly by

spherical convergence. The figure shows that the shock is not sustained, because the Mach num-

ber drops below unity at R = 0.6 µm. The compression of the gas between the shock and the origin

(due to the pre-existing inward radial velocity) raises the sound speed faster proportionally than

the interface velocity, which decreases the Mach number. We note that although a shock can be

generated for interface velocities less than the speed of sound,9 we use ‘Mach 1’ as a convenient

reference value for our analyses. 
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The numerical simulations shown in Fig. 1a do not agree with experimental data for a

sonoluminescing deuterium bubble in deuterated water.15 Measured pulse widths are less than

15 ps, and the visible emissions are violet in color. This suggests the existence of a shock wave

and central temperatures at least an order of magnitude greater than the 0.5 eV shown in Fig. 1a.

The discrepancy can be explained by modelling the bubble contents differently. The bubble does

not contain only pure deuterium, it also contains deuterated water vapor. The added mass of the

vapor lowers the sound speed of the mixture, which makes it easier to shock. We do not know how

to estimate the water vapor fraction, nor do we have an equation of state for water that is valid for

rarified vapor, condensate, and compressed dense liquid. Consequently, we use our air equation of

state,6 which is valid in all these regions. It is not unreasonable to approximate the water vapor

using an air equation of state, because we are interested primarily in the sound speed reduction

due to added mass. It is fortuitous that the molecular weights and ionization energies of air and

water vapor are similar. Figure 1b shows the calculated time dependence of the temperature at the

center of the bubble, near the conclusion of the collapse of a bubble containing a mixture of 85%

molar (= 44% mass fraction) deuterium and 15% molar air (≈ deuterated water vapor). The sound

speed of the mixture at STP is 657 m/s, versus 913 m/s for pure deuterium. The final 100 ps are

shown, beginning at 38.29578 µs. The minimum bubble radius (0.52 µm) occurs 36 ps after the

peak temperature. The pulse width and temperature are now more consistent with the experimen-

tal data, and these results are insensitive to small changes in the molar ratios. Figure 2 (large

dashed line) shows that the interface speed exceeds Mach 1 when R = 3.8 µm. The interface speed

becomes subsonic at approximately the same radius as for the pure deuterium bubble, but the

shock does not dissipate, because there has been enough time and distance for spherical conver-

gence to increase the shock amplitude and velocity, so the shock reaches the origin before the
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interface can “communicate” with it. 

The consistency of the deuterium+vapor simulation with the experimental data provides a

starting point for examining practical methods to enhance the implosion. There are many parame-

ters to vary, including the flask (size, thickness, material), liquid composition, bubble size, ambi-

ent temperature and pressure, and driving pressure (frequency, structure, and amplitude). The

most practical approach is to minimize the perturbations to a standard sonoluminescing system.

Consequently, we would like to identify the simplest perturbation that has a large influence. We

consider pulse shaping the driving amplitude. Figure 3 (inset) shows a 5 bar triangular spike

superimposed on the 1.0 ± 0.4 bar 27.6 kHz driving pressure. The center of the spike is at 16.5 µs,

and its base width is 0.5 µs. The sinusoidal drive is responsible for establishing the gross system

acoustics, to which sonoluminescence is extremely sensitive. We hypothesize that the spike can

supply energy without affecting the mechanisms that allow sonoluminescence to occur. Prelimi-

nary experimental data15 show that a deuterium bubble is brighter when the driving amplitude has

a spike. Figure 1c shows the calculated time dependence of the temperature at the center of the

bubble, due to the driving pressure shown in Fig. 3. The final 50 ps are shown, beginning at

37.6854 µs. The 2200 eV peak central temperature occurs 11 ps before the bubble reaches its min-

imum radius of 0.38 µm. Figure 2 (small dashed line) shows that the spike accelerates the inter-

face to supersonic velocities early in the implosion. This provides ample time and distance for

spherical convergence to increase greatly the amplitude of the shock. The relatively long implo-

sion time and spherical convergence allow a second shock to form behind the first shock, the 230

and 2200 eV peaks shown in Fig. 1c. In general, the central temperature increases, as the spike

amplitude increases, or the center of the spike occurs later in time, or the base width of the spike

decreases. Although we have not investigated completely the limits of the spiked driving pressure,
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we have determined that the spike must rise rapidly as a function of time for its full amplitude to

drive the implosion. The shape of the base of the trailing edge of the spike is not important,

because this region arrives too late to influence the implosion. 

Figure 3 (solid line) shows the peak temperature at the center of the innermost nine zones

(indicated by circles). The dashed line shows the deuterium density (at the peak temperature) at

the same locations. We excluded thermal conduction and radiant energy transport from our simu-

lations, to simplify the analysis of the complex hydrodynamic effects on the implosion due to the

spike. The effects of thermal conduction and radiant energy transport become important typically

when temperatures exceed a few hundred volts, so the calculated temperatures in the innermost

couple of zones somewhat over-estimate the actual values. These energy transport mechanisms

must be considered in subsequent analyses. 

The continuum approximation allows Eq. (1) to be solved using arbitrarily fine zoning, when

the fields (T, P, ...) vary slowly over distances that are greater than fundamental physical lengths,

such as the collisional mean free path. The solution loses accuracy when this criterion is violated.

Every water zone satisfies this criterion, but the innermost two gas zones do not, when the peak

temperatures occur (Fig. 3). The temperature gradient is large and the zone sizes are smaller than

the collisional mean free path,17 which is density and temperature dependent. Atomic transport

mechanisms may be required in subsequent analyses. Consequently, we ignore the innermost two

zones in the analyses that follow.

We may obtain a conservative estimate of the number of neutrons produced by the thermonu-

clear reaction D + D → 3He + n + 3.2 MeV, if we ignore the innermost two zones and the energy

flux from these zones into the adjacent ones. Using Fig. 3 and the formula16
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(3)

where , n, and  are the number of neutrons/(cc-s), the number of deuterons/cc, and the

velocity-weighted D–D reaction cross section,18 we integrate over the reaction volume and flash

duration, then multiply by the number of flashes per hour (27,600 x 3600). Figure 3 shows the

resulting neutron production rates per hour in each of the zones. We calculate a total rate of 0.1

neutron/hour, neglecting the innermost two zones. 

Although the count rate is low, it should be measurable. We assume that the neutron produc-

tion is coincident with the flash, so the time of arrival of the neutrons at the detector can be deter-

mined accurately. Furthermore, the energy spectrum of the neutrons is also well–defined, so

temporal and energy gating of the detector can remove most of the spurious background signals.15

We still expect to obtain a measurable signal, even after including the reductions due to the effi-

ciency and the solid angle of the detector.

Our simulations provide the foundation for a serious attempt to attain thermonuclear fusion

from a sonoluminescing bubble. It is remarkable that it appears possible theoretically. While it is

true that thermonuclear fusion has a finite probability to occur in a glass of water sitting on a table,

at some point more extreme conditions make the reaction rate interesting scientifically, even

though it may still be small. We believe our simulations indicate that it may be possible to enter

that interesting region. The main point we want to emphasize is that the spiked drive delivers a lot

more energy to the center of the bubble than a purely sinusoidal drive. Consequently, our simula-

tions indicate that the spiked drive may have the potential to supply enough energy to generate a

small amount of fusion. The parameter space is large, and there are many ways to enhance the the-

oretical estimates. For example, the neutron rate can be increased by at least a factor of 50 if the

N
•

0.5n
2σv,=

N
• σv
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deuterium is replaced by a mixture of deuterium and tritium.18 Further modifications to the spike

amplitude, timing, and shape may also provide enhancements. Raising the ambient pressure to

increase the bubble mass may also be beneficial. At the very least, the spiked driving pressure

applied to any sonoluminescing system may produce an experimental crucible that gives the gen-

eral scientific community easy and inexpensive access to pressures, temperatures, and time scales

that have been unattainable previously.
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Figure 1–  Temperature at the center of the bubble, as a function of time (relative to an offset origin)
for (a) pure deuterium (t0 = 38.2956 µs), (b) 85% molar deuterium with 15% molar “vapor,” ap-
proximated using air (t0 = 38.29578 µs), and (c) the mixture in (b) with a spike added to the si-
nusoidal driving pressure (t0 = 37.6854 µs). The spike has a large effect on the temperature at
the center of the bubble.
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Figure 2–  Radial dependence of the interface Mach number (bubble wall velocity divided by the
gas sound speed at the center of the bubble) during the collapse, for the simulations shown in
Fig. 1. Ro = 10 µm. A shock is generated when the Mach number approaches unity. The spike
causes a shock to be generated early in the implosion. As the shock approaches the center of the
bubble, its amplitude is increased greatly by spherical convergence.
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Figure 3–  Calculated peak temperature (solid line) and density (dashed line) at the centers (circles)
of the innermost nine zones. The 2.2 keV temperature at the center of the bubble is an over-es-
timate. The numbers along the solid line are the calculated number of neutrons per hour from
each zone. The total rate is 0.1neutron/hour, neglecting the innermost two zones. The inset
shows the driving amplitude as a function of time. A 5 bar triangular spike is superimposed on
the 1.0 ± 0.4 bar 27.6 kHz sinusoidal pressure. The center of the spike is at 16.5 µs, and its base
width is 0.5 µs. 
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